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The structural analysis of pavement systems is quite a difficult problem; it involves a layered
medium, usually modeled as unbounded in extent, subjected to moving loads. A principle
concern is the permanent deformation remaining when the load exceeds design values; the so-
called rutting phenomenon. A steady, moving load, assumed quasi-static, can be handled by
employing a moving coordinate system to advantage; in essence converting the modeling
problem to one with a stationary load. However, the unbounded domain is still problematical.
The common practice of using rollers on the boundaries of a truncated domain will lead to a
loss of accuracy, especially for points near the truncated boundaries. In a finite element
approach to the steady-state problem in which a load moves at a constant speed on an elastic—
plastic layered system “boundary effects” due to the inherent nonlinear boundary conditions
are so obvious that it is almost impossible to evaluate residual displacements. In this paper, a
method is proposed to treat the involved, nonlinear boundary conditions and to allow accurate
prediction of the residual displacements. A modified iterative scheme is constructed and
infinite elements are employed to treat the unbounded domain. The infinite element
formulation involves the residual displacements and, therefore, must be used together with the
modified iterative scheme. Numerical results indicate that the adoption of the infinite elements
together with the modified iterative scheme completely eliminate the “boundary effects” and
greatly improve the accuracy of calculated residual displacements.
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1. INTRODUCTION analysis. This type of analysis is based on the fact that

the response of pavements to moving loads and
Usually, the response of a flexible pavement to stationary loads are the same if a moving coordinate
moving loads is predicted from an elastic multilayer  system is used in the moving load case (if the moving
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loads are assumed quasi-static) and if the paving and
subgrade materials are linear elastic. The structural
failure of pavements is usually related by empirical
equations to the stresses or strains predicted from an
elastic analysis. For example, rutting is usually related
to vertical strains or stresses on the top of the
subgrade, while fatigue is related to the tensile
stresses on the bottom of the asphalt concrete layer.
The theoretical inconsistency is quite obvious.
Degradation of pavement structures due to the
accumulated effects of inelastic strain cannot be
accurately modeled from a linear elastic analysis. In
reality, asphalt mixtures are viscoelastic materials,
and base and subgrade materials exhibit plasticity. So,
it is not surprising that the difference between
predicted and actual pavement response is usually
large.

Much research has been done recently on using the
finite element method to predict pavement response,
wherein it is possible to take into account such
complicating factors as dynamic loading and non-
linear constitutive laws for material behavior. Two-
dimensional nonlinear and/or dynamic analysis is now
common. Three-dimensional nonlinear analysis of a
multi-layered halfspace has also been performed
(Desai and Siriwardane, 1982; Siriwardane and Desai,
1983; Forte et al., 1992; Ioannides and Donnelly,
1992; Kokkins, 1992). However, none of these
methods treat moving loads. Zaghloul and White
(1993) dealt with moving loads by translating the
contact areas between the loads and the pavement
surface on the finite element mesh and solving the
resulting transient problem. Since the loads are
moving on the mesh and the distances between the
loads and the mesh boundaries must be large enough
to overcome the errors introduced in truncating the
infinite domain, the finite element mesh must be very
large in this method to get accurate results.

For steady, moving loads a moving coordinate
system can be used to advantage. This approach was
used by Lynch (1969), Bapat and Batra (1984) and
Bhargava et al. (1985) in solving roller problems.
Dang Van and Maitournam (1993) and Kirkner ez al.
(1994; 1996) proposed a finite element algorithm for
predicting the permanent deformation and residual

stress state with each pass of moving loads on a
layered elastic—plastic halfspace. The moving coor-
dinate can be viewed either as a time variable or as a
space variable, which means the displacements far
behind the loads are also the displacements when the
loads have long passed and are the permanent
deformations. This suggests that the displacements
far behind the loads should not change along the
coordinate in the moving-load direction. This
approach requires a relatively small amount of storage
and is numerically easy to implement. In addition,
complicated material constitutive relationships can be
included conveniently.

Since pavements and their supporting structure
are modeled as infinite in length and thickness, the
treatment of the unbounded domain is an important
aspect in every finite element program to analyze
pavement responses. The previously mentioned
methods truncate the domain and employ rollers
on the truncated boundaries. This is based on the
assumption that as long as the truncated domain is
large enough, the errors introduced are insignificant.
This treatment usually increases the stiffness of the
pavement structure and leads to smaller calculated
displacements than actual values, especially for
points near the truncated boundaries. In some
problems where only the displacements and stresses
near the load are of interest, the error due to the
boundary effects is acceptable when a reasonably
large mesh is used. However, for problems
involving multiple loads with relatively large
distances between them, or a high load which will
lead to significant yielding, the costs of storage and
computing time may be significant.

It should also be noted that if the base and/or sub-
base supporting the pavement are elastic—plastic,
displacements far behind the loads eventually reach
some finite non-zero values (the permanent defor-
mation or “rut” profile). Thus, the boundary
conditions far behind the loads at infinity are
nonlinear. Whether truncating the domain and
imposing rollers can successfully treat the non-linear
boundary conditions is questionable. Numerical
experiments have shown large errors near the
truncated boundaries.
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FIGURE 1 Multi-layered flexible pavement system subjected to a moving load.

In this paper, a method will be proposed for
calculating the residual displacement which offers
some computational advantage. A modified iterative
scheme can be constructed to treat the nonlinear
boundary conditions. In addition, infinite elements
will be introduced into the finite element algorithm
to treat the infinite domain. Infinite element
formulations also involve the prediction of the
residual displacements during each iteration, and
therefore, the modified iterative affects the infinite
element formulation. Results for a finite element
analysis using the traditional roller boundary
conditions and infinite elements will be given for
comparison.

2. PROBLEM DESCRIPTION

Figure 1 shows a typical multi-layered flexible
pavement system. The layered system is hom-
ogenous in the horizontal directions and infinite in
extent and has a total thickness of k. Materials in
the system are considered elastic—plastic. X
denotes the fixed coordinate system (O, X;, Xs,
X3). Let 42, 302, 9F, {Xr), and 35, {Xz) denote the
layered elastic—plastic domain, the pavement
surface, the loaded part of the surface, and the
unloaded part of the surface, respectively. They are

defined as

0= {(X1,X2,X3)| —00 <X; <00,0<X;
< h,—o0 < X3 < 0} (1a)

0= {(X1a07X3)| —0o <X < 00, —00
<X, < oo} (1b)

Op XD = {(X1,0,X3)| — ) + et = X,
=h+cet,—h=X3=1hk} (1c)

ap, {2) = 002 — 9, (XD ad)

Here, for simplicity, the loaded area is assumed to
be a rectangle, 2/; X2/;5. Any closed region is easily
handled.

A moving coordinate system can be introduced to
solve the steady state problem by defining x; =
X, — ct,x; = X, and x3 = X3, and placing the origin
at the center of the load. Using the moving coordinate
system, time is removed as an explicit variable in the
problem. In the moving coordinate system, the loads
are applied on fixed geometrical surfaces. For a fixed
plane, X, = constant, x; = oo indicates the time when
loads are applied or a plane far ahead of the load and
x1; = —oo is the time after loads have long passed or a
material plane far behind the load. The two parts of
the pavement surface are now independent of time and
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can be described as

0r2={G,0x) —hLh=x1 =L —ct,~I5
=x3 = I} (2a)

3p, 0= 00— 35 0 (2b)

Let U = {uy,u;,us3}" be the displacement vector,
o, e, e and e? the stress, the strain, the elastic strain
and the plastic strain tensors, respectively, which are
stored as 6 X1 vectors, D the fourth order elasticity
tensor, characterized by a 6X6 matrix. The field
equations and boundary conditions can be listed as

3T =0 (equilibrium) 3)

e = dU (strain—displacementrelationship) (4)

where 0 is the linear strain—displacement operator
matrix.

Inertial forces are neglected in Eq. (3) because the
speed of the moving loads is much smaller than the
velocities of the stress waves in pavements. The
problem is considered quasi-static. However, inertial
forces can be easily included in the formulation.

The constitutive law is

o = De® )

e=¢e°+ ¢ 6)

with associated flow rule and yield criterion expressed
as

el = )t?i )
3 X1 aﬂ
and
flo,0)=0 ®

where « is the hardening parameter. When no
isotropic or kinematic hardening is involved, Eq. (8)
can be simplified to

fle)y=20 €))

The boundary conditions on the pavement surface
are

Ondp 2: 092(x1,0,x3) = —p(x1,x3)  (10a)
Onapz.Q . 0'22(.1'1,0,)73) =0 (IOb)
Onoaf2: o112 = 011 =0 (IOC)

where p(x;,x3) is the surface pressure applied
vertically to ap, {2.

If the pavement is constructed on a rock foundation,
the bottom of the pavement is assumed to be fixed, i.e.

Utx, —h,X3) =0 (11a)
Other bottom conditions (such as frictionless) can
easily be handled.
The conditions at infinity are

U(°07x27x3) =0 (llb)
U(—0,x,x3) = UR(x2, 3) (11c)
Ux1, %2, £0) = 0 (11d)

in which, U® is the permanent or residual displace-
ment field remaining after the load has long passed.
As such, this is a nonlinear boundary condition.

In addition to these boundary conditions, displace-
ment and stress continuity conditions must also be
satisfied on the interfaces between the pavements
layers.

3. FINITE ELEMENTS FORMULATION OF
THE MOVING LOAD PROBLEM

Notice that the coordinate x;, may have different
physical perspectives. If time is considered as fixed at
an instant then the solution to the above boundary
value problem, in terms of x;, x,, x3, may be thought
of as a “snapshot” of the physical domain (in terms of
X1, X5, X3) at an instant. Alternatively, if X; is
considered to be held fixed then the graph of any
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quantity (stress, strain, displacement) expressed as a
function of x; is a time history of that particular
quantity. This implies that integration over time is
converted, in the moving coordinate system, to
integration over space.

In order to evaluate the constitutive relations for an
elastic—plastic material, the evolution Eq. (7) for the
plastic strain in essence must be integrated. Notice in
Eq. (7) that time derivatives of plastic strains have
been replaced by derivatives with respect to x in the
moving coordinate system. Thus, an integration of the
response history in time is equivalent in the moving
reference frame to an integration over x;.

The principle of virtual work for the above
boundary value problem in the moving coordinate
frame can be expressed as

J deTordV = —J dup(x1,x3)dS  (12)
0 3,2

where the admissible displacements are assumed to
satisfy the essential boundary conditions. However, as
indicated by Eq. (llc), the displacement at minus
infinity are residual displacements which are to be
found, therefore, the boundary condition at minus
infinity is a nonlinear boundary condition.

An iterative strategy based on a simple initial stress
method (Bathe, 1996) has been found to work well for
this problem. A superscript is used to indicate the
iteration number. Thus om indicates the mth iteration.
Let Ao = 0™ — ¢~ . Then Eq. (12) may be written

J deTAGdV = — J
o

duxp(xi,x3)dS
2,0

- J del o™ 1av 13)
0

In the initial stress method, the elastic stress—strain
relation (5) are used to relate increments of stresses to

increments of strains. Thus, Eq. (13) becomes

J de’DAedV = — J duop(xy, x3)dS
0

3,02

- J deTag™ 1av (14)
[

The displacements may be related to element nodal
displacements U°® by a 3 X 3n shape function matrix,
N, as follows

U=NTU° 15)

where N contains the finite element shape functions,
and where n is the number of nodes. For linear shape
functions, used herein, n = 8. Using the strain—
displacement relation (4) with Eq. (15) yields

e = BU*® (16)

where B = 8N7 is the discrete strain—displacement
matrix. Therefore the element stiffness matrix and
load vector are given by

K= J B'DB AV an

pm = J Np(x1,x3)dS — J BTo™dv (18)
or, 02¢ 0

where N is a 3n X 1 matrix containing the nodal shape
functions.

The standard assembly technique then yields the
following global equation:

KAU = P" 19

If the infinite domain is treated by truncating the
domain to a length / in the x; direction and a width b in
the x; direction, and imposing roller boundary
conditions, the following boundary conditions are
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used instead of Egs. (11b)—(11d)

! l
5] (i ) ,xz,x3> =012 (i 2 ,xz,x3>

)
=013 ('—*E,xz,m) =0 (20a)

u3(x1,%2, £b/2) = o13(x1, %2, £b/2)

= o3(x1,%2,*b/2) =0  (20b)

4. RESIDUAL DISPLACEMENT
CALCULATIONS

Boundary conditions (20a) and (20b) are approxi-
mations to the real boundary conditions (11b)—(11d).
In addition to the error due to truncating the domain,
the assumption that u;(—1/2, x5, x3) = 0 is not correct
because of the existence of permanent displacements
due to plastic deformation. Numerical results have
shown significant “boundary effects” (calculated
vertical displacements are positive or far from the
actual values) near x; = —I/2. Also, the profile of the
displacement along the centerline of the pavement far
behind the load is not horizontal as expected, instead,
it fluctuates near the left truncated boundary. In the
moving coordinate system permanent displacements
are the displacements far behind the load and are
obtained as the displacements near the left boundary.
Thus, boundary effects make the evaluation of the
permanent displacements difficult. Herein a method is
developed for calculating the rut depth and profile,
which offers some computational advantage. Using
this method, an improved iterative scheme can also be
constructed for determining the elastic—plastic mov-
ing load solution.

4.1 Expressions for the Residual Displacements

In this section, formulations are derived to show that
the residual displacements on the left boundary of the
finite element mesh can be estimated from the

displacements in the interior part of the finite element

mesh and the elastic part of the displacements.
Substituting the constitutive relationship (5) into

the virtual work statement of the problem (12) yields

J de’DedV = *J dup(x1,x3)dS
0 ar L2
+ J de’De? dV 1)
9]

Alternatively, operating on both sides of the
standard additive decomposition of the strain tensor
(6) with de™ and integrating over the domain {2 gives

J de’Dedv = J de’De’ dV
0 0
+ J de’De? AV (22)
0
Then subtracting Eq. (22) from Eq. (21) results in

J deTDe¢ dV = —J
0 3, 02

U uzp(x1,x3)dS  (23)

Equation (23) states that the elastic part of the strain
tensor can be thought of as the strains from a related
boundary value problem on the same domain — only
with an elastic material.

Using Eq. (23), an alternative method can be
developed to obtain the residual displacement field,
i.e. the displacement field remaining long after the
load has passed. This is based on the following
assumption: material points are in a state of loading
until x; = x;k (x2,x3) and subsequently (that is, for
x = xT (x2,x3)) are elastically unloading x;k (x2,x3) is
a limit-transition surface. Points to the left of x;k will
not encounter any further plastic loading. This means
that the components of the plastic strain tensor are
constant for points x; < x:‘ (x2,x3).

The strain—displacement relation for the axial
strain in the x; direction is

[=E}
=

Bxi =& +é. 24

€ =
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Since €] can be obtained from the related elastic
problem, this can also be written as
L

- (25)

Define x;km be the left-most point on the surface
% . % . %
x; (x2,x3), i.e. x;,, = min(x; (x2,x3)). .
Let (%1, x2,x3) be an arbitrary point with %; =< x,,,.
Integrating both sides of Eq. (24) using Eq. (25) yields

w1 (X1, %2,%3) — #1(— 00, %2, %3)
= ui (&1, %2, %3) — US(—00,%2,X3)

X
or
uy (X1, %2, %3) — U5 (%1, %2, %3)
X
= R, x3) + J & dxy @n
where

u’f(ﬁz,?@) = u1(—00,x7,x3) (28)
ul(—OO,xz,x3) =0.
In Eq. (28) uR(x2,x3) is the permanent or residual
displacement remaining after the load has long
passed. Since e’l’ is constant, in order for u’f to be
bounded, € must be zero, i.e. €(x1,x2,x3) =0, x; =
= xT, which is expected physically. Thus Eq. (27)
gives a simple expression for calculating the residual
u; displacement

Uy (2, x3) = u1 Gy, X2, x3) — S (g, 22, %3)  (29)

The vertical displacement can be treated as follows:

oup ous,
=—=&+d=—2+6 30
€ 9xp 2 8127 9Xo 2 (30)

Evaluate Eq. (30) at x; = —o0 and at x; = X and
subtract the resulting expressions, using the fact that

e? is not a function of x;. This yields

9
_u2(—°°)x2,x3)

% 1, 32, %)
— —UxX1,X2,X3
3% 9xy e

d
= —u5(—00, ——u5(%, 31
s us( X2,%3) o uy(x1,x,x3)  (31)

Now integrate Eq. (31) from —A to an arbitrary
point x, and use the bottom boundary condition of
fixity to yield

uS (2, x3) = up(F1, %2, %3) — UG, %2,%3)  (32)

where as above u; = (x2,x3) = up(—00, x2,x3). U3 can
be treated in a similar manner to yield

us (2, x3) = u3(R1, %2, %3) — UG, %2,%3)  (33)

The utility of Egs. (29), (32) and (33) is due to the
fact that it is easier to obtain an accurate estimate for
the displacements near the load than at x; = —o0
because of boundary effects.

4.2 Modified Iterative Scheme

The above is not only useful as a means of obtaining
the residual displacement field with a smaller mesh,
but also suggests a modification to the iterative
scheme which allows the non-linear displacement
boundary conditions to be included instead of the
roller boundary condition.

The complete statement of the problem defined by
Eq. (12) should give the class of functions from which
the displacement field is chosen; this means specifying
the essential boundary conditions. Since the problem is
solved numerically, using a finite element method, this
means specifying essential boundary conditions on a
domain of finite extent and then, formally, the solution is
the limit as the extent is allowed to go to infinity. In
practice the results should remain fairly constant in the
vicinity of the load and the residual displacements
stabilize for a couple of meshes with different extents.
For each analysis the domain is truncated and an
approximation is used on the boundaries. For elastic
problems, zero displacements or stresses are used; often
a combination. For example roller boundary conditions
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FIGURE 2 Type-1 infinite element.

on the lateral boundaries specify one displacement
condition and two shear stress conditions. In the moving
load problem the left lateral boundary corresponds to
each plane long after the load has passed (for a right-
moving load). The results presented above suggest a
modified iterative scheme, which should improve the
results. The boundary condition on the left lateral
boundary will be specified displacements and the value
of the displacement will be updated each iteration using
the displacements from the last iteration at x; = xl* and
the elastic displacements on this same plane. If the
assumption on which this calculation is based (material
points are in a state of loading until x; = xT and
subsequently are elastically unloading) is satisfied then
the displacement boundary condition should converge
to the theoretically correct values. The accuracy of the
basic assumption can be monitored during the solution
process.

5. INFINITE ELEMENT FORMULATION

Infinite elements are sometimes used in a finite
element mesh to simulate an unbounded domain. In

X; = - X = x,
7/ 7/
-t ==
X3 = o x ;
P 2 ! ,
I, I,
e — — — —— — — — Xt -v
x
3
(@

X = xb
4 8 4(L1-1)
(-#14-1)
YV 0wz 5 y g
(-1,1{1) g ;Z é
7 ”
AT T -
\ 3 O 2) ( ) ¢ 3(1,-1-1)
2*2 6
> (-1-11) ®) A1-LD)
r/ X3 1

this section, element stiffness matrices and equivalent
nodal load vectors are reviewed for two kinds of
infinite elements. Formulations involve the residual
displacements far behind the load, which can be
estimated using Eqs. (29), (32) and (33) developed in
the previous section.

Two types of infinite elements, as shown in Figs. 2
and 3, are needed for this type of problem. Type-1
infinite element is infinite along one coordinate (x;
direction is shown in Fig. 2) and the dimension of the
cross-section of the element does not change with this
coordinate. Type-2 infinite element is infinite along
two coordinates (x;, and x3 in Fig. 3) and has a
constant thickness in the other coordinate.

Standard mapping procedures for infinite elements
are employed. The details will be ommitted here. See
Zienkiewicz and Taylor (1989) and references therein
for a discussion of this topic.

The principle of virtual work can then be written for
an infinite element as

(80p)"k°U; = (3U))" (P + K°U) (34

8 4(1,1,-1)
(_ 111']}1
5 L 1L
(-L,1J1)
(-177§-777Z T
’ 3(1-1,-1)
6
(-1,-1,1) 2(1-1,1)

FIGURE 3 Type-2 infinite element.
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FIGURE 4 Displacement on the surface of an elastic halfspace.

where K® is the element stiffness matrix, K¢ =

§,B'DB dv;

Uj is the element nodal displacement vector on the
finite boundary in the x; direction

e __f,1 1 1 2 2 9 3 3 3 4 4 41T,
Ut = {uy, 13, u3, 43, 13, 45, w3, 13,13, v, U3}

U, contains the nodal displacements at minus
infinity, i.e. the permanent displacement vector

e __f5.5 5 6 6 6 7 7.7 8.8 8T,
Up_ {ul,uz,u3,u1,u2,u3,u1,u2,u3,u1,u2,u3} ;

B is the infinite element strain—displacement
matrix;

P is the element equivalent nodal load vector.

K® and P? can be assembled into the global stiffness
matrix and equivalent load vector following the
standard assembly procedure. The U term on the
right hand side of Eq. (34) contains the permanent
deformations which are unknown. Using the residual
displacement calculation, Egs. (29), (32) and (33), it
can be predicted and modified during each iteration.

6. RESULTS

In this section, some numerical results are given using
the method developed in the previous sections. First, a

Vertical Displacement (m)
|
4]

Solid:  with infinite elements ff |
Dashed: with roller b.c.

_a3.5 H i i

X (m)

FIGURE 5 Vertical displacement along the centerline of pavement surface.
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FIGURE 6 Vertical permanent displacement after the load has passed.

standard Boussinesq problem is used to check the
utility of the infinite elements. Second, displacement
profiles obtained by using roller boundary conditions
and the infinite elements with the modified iterative
scheme are compared. It is shown that the use of
infinite elements can greatly improve the numerical
efficiency and make the prediction of permanent
displacements much easier.

6.1 Elastic Solution

An elastic halfspace with a uniform circular load P of
radius a applied vertically to the top surface is used to
check the utility of using infinite elements instead of
the roller boundary condition. The elastic modulus of
the halfspace is denoted F and Possion’s ratio is 0.3.
The vertical displacement, V, on the surface of the
halfspace is given in Fig. 4, where dimensionless units
are used. R is the distance from the calculated point to
the center of the load. A total of 40X 15 X 16 elements
are used in the finite element mesh which represents a

truncated domain of 20aX20aX20a. When roller
boundary conditions are used, the vertical displace-
ments near the truncated boundaries are positive,
which is not physically correct. Using infinite
elements eliminates this boundary effect. The use of
infinite elements also improves the accuracy of the
calculated maximum displacement by approximately
2%.

6.2 Elastic—plastic Solution

A mode] three-layered pavement structure is exam-
ined here. The geometric parameters and material
properties are listed in Table 1. Asphalt concrete is
assumed to be elastic. The Drucker—Prager model, a
constitutive model widely used for geotechnical
materials, is used to describe base and subgrade
materials. There are two parameters, the cohesion and
the internal friction angle, in the Drucker—Prager
model. A uniform 0.4mX0.4m square load of

TABLE 1 Structure parameters for the model problem

Thickness Young’s modulus Cohesion
Layer (m) Material (MPa) Possion’s ratio (MPa) Internal friction angle
Surface 0.1 Elastic 1500 0.45
Base 0.2 Elastic—plastic 200 0.3 0.690 20
Subgrade 3.7 Elastic—plastic 30 04 0.276 10
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FIGURE 7 Results using infinite elements with different meshes.

0.8 MPa is applied to the surface of the pavement,
which simulates the loading of a truck wheel.

A total of 28 X14X 14 elements are used in the
finite element mesh, which represents a truncated
domain of 8mX4mX4m, in the x;, xp, and x3
directions, respectively. The elastic results using this
mesh are checked with theoretical solutions and the
error of the maximum displacement is within 4%
without using infinite elements and within 2% using
infinite elements.

Figure 5 shows the displacement profile along the
centerline of the pavement. Positive displacements are
observed near the truncated boundary ahead of the
load. This boundary effect is eliminated by using
infinite elements.

Figure 6 is the vertical permanent displacement
profile along the centerline of the pavement surface
calculated from Eq. (32). Instead of giving a
horizontal line behind the load as expected, the use
of roller boundary conditions gives a curve, which
decreases near the truncated boundary. The boundary
effect is so obvious that it is almost impossible to
estimate the residual vertical displacement. The
introduction of the infinite elements and the modified
iterative scheme completely eliminates this boundary
effect and makes it easy to evaluate the residual
displacement.

Two smaller meshes using infinite elements are also
used in this model problem. One uses 22X 11X 11

elements with a truncated domain of 6mX3m X3 m;
the other uses. 18 X9X9 elements with a truncated
domain of SmX2.5mX2.5m. The results are given
in Fig. 7. These three meshes give almost the same
residual displacements. This suggests that the
adoption of infinite elements along with the iterative
scheme for imposing the non-linear infinity conditions
can greatly reduce the amount of storage and
calculation (more than 70% in the current problem).
Numerical results have shown that even a smaller
mesh can give a fairly good estimation of residual
displacements, however, the error in the maximum
displacement will increase.

The improvement in numerical efficiency by using
infinite elements becomes more significant for higher
load levels. Figure 8 shows the vertical permanent
displacement along the centerline of the pavement
surface versus load. Since it is difficult to estimate the
permanent displacements using the finite element
method with roller boundary conditions, as shown in
Fig. 6, the relevant values used in Fig. 8 are only rough
estimates. The result for higher loads is very poor
using roller boundary conditions with the mesh of
28 X 14X 14 elements. At higher load levels, the rate
of increase in the calculated permanent displacement
decreases, which is obviously incorrect. This is due to
the fact that when the load is higher, the yield zone is
bigger and a bigger truncated domain must be used. A
bigger mesh of 40 X 19 X 14 elements is also used as a
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FIGURE 8 Permanent displacement versus load level.

comparison, which gives results similar to that using
infinite elements but with only 28 X 14 X 14 elements.

Figure 9 gives the second deviatoric stress invariant
(Jo4) in the lower half of the pavement surface along
the centerline where the maximum tensile stress
usually occurs. The curve indicates that the adoption
of infinite elements has little effect on the stress state
and residual stress state. This may be explained by the
fact that the stresses behind the load converge to the
residual stresses at a higher rate than the displace-

ments converge to the residual displacements. There-
fore, a relatively smaller mesh will give a good
estimate of the residual stress state.

7. CONCLUSIONS

The geometrical, material and loading parameters
used in the model problem are representative of most
flexible pavement structures and load level they

24 (Pa)

FIGURE 9

X (m)

Stress state at the lower half of pavement surface.
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experience. Based on the results obtained for this
model problem, the following conclusions are drawn.

o Using infinite elements instead of roller boundary
conditions improves the elastic solution for a
halfspace.

o Using infinite elements along with the iterative
scheme for imposing the non-linear infinity
conditions also eliminates the boundary effects in
the finite element algorithm for the problem of
steady state moving loads on a layered elastic—
plastic structure and gives a better prediction of the
permanent deformations after the load has passed.

e This method greatly improves the results for high
load levels, i.e. significant yielding. This suggests
that problems such as wheel-wheel interaction,
heavy aircraft loads or truck-load problems, which
are difficult due to the large amount of computer
storage and computing time, may be tractable with
the adoption of infinite elements and the modified
iterative scheme.

o The use of infinite elements has little effect on the
residual stress state.
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