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In this paper, a new analytical solution is derived for calculating the warping stresses in con-
crete pavement slab. In the analysis, we consider the pavement slab as a rectangular thick
plate resting on Pasternak foundation. The effects of transverse shear deformation and the
interlocking action of subgrade are considered in calculating the warping stresses in concrete
pavement slabs. The solutions to the fundamental equations of the problem are obtained by
superposing the solutions of two elemental slabs. Each of these elemental slabs has two
guided support edges and two free edges each acted upon by an unknown bending moment.
Numerical examples are presented to compare the solutions of the proposed model with finite
element solutions and the Bradbury-Westergaard solutions. The results suggest that for com-
mon highway slab dimensions and thickness, the thick-plate model should be used to estimate
thermal warping stresses in pavement slabs with a slab width of 3.5 m. However, the conven-
tional thin-plate model could be used for slabs with a width of 7.0 m or more without incur-
ring significant errors.
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INTRODUCTION

It is well recognised today that the combined effects
of load-induced stresses and thermal warping stresses
are responsible for causing cracking in concrete pave-

ments. The magnitude of warping stresses due to ther-

mal gradient can be of the same order as that of
load-induced stresses. The effect of warping stresses
is a major consideration in any mechanistic pavement
design procedure.

Westergaard (1927) was the first to present an ana-
lytical thin-plate model for the analysis of thermal
warping stresses in a concrete pavement slab with
infinite width and length. Based on the concepts of
Westergaard, Bradbury (1938) developed an approxi-
mate solution for concrete pavement slabs with finite
dimensions. To consider the geometric configuration
of concrete pavements exactly, several numerical
models (Chou 1981, Huang 1985, 1993) have been
developed by researchers. These analytical and
numerical models were developed using thin-plate
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theory and subgrade models represented by either
Winkler foundation or elastic solid foundation. The
effects of transverse shear deformation of slab and the
interlocking action of subgrade were not considered.

An analytical solution which uses thick-plate the-
ory and Pasternak foundation model (Pasternak 1954)
to analyse the behaviour of pavement slabs subjected
traffic loading was developed by Shi et al. (1994), and
was compared with the widely used Brandbury-West-
ergaard solution and solutions by several numerical
methods on the same subject. The comparisons
clearly show that transverse shear deformation and
interlocking action of subgrade have significant
effects on the computed stresses in concrete pave-
ments under traffic loads.

Shi et al. (1993) have developed an analytical
thin-plate model for the analysis of warping stresses
in concrete pavements resting on Pasternak founda-
tion. It was found that pavement models with Winkler
foundation overestimate warping stresses. Shi et al.
(1993) concluded that, depending on the slab dimen-
sions, slab and subgrade prooperties, the Winkler
foundation model of Bradbury-Westergaard could
lead to overestimation of warping stress by as much
as 17%. The model by Shi et al. (1993) was derived

using thin-plate theory without considering the influ-
ence of transverse shear deformation in the slab. Fur-
thermore, it employed the approximate method of
Bradbury (1938) to represent the finite slab condi-
tions.

In the present paper, a thick-plate model for the
analysis of thermal warping stresses in a concrete
pavement slab with four free edges resting on a Pas-
ternak foundation is developed. The effects of trans-
verse shear deformation and interlocking action of
subgrade are considered. Fundamental equations for
this pavement model are developed based on the
Reissner thick-plate theory (Reissner 1945) and the
Pasternak foundation model. The analysis considers
only linear thermal gradient through the slab’s thick-
ness, and excludes the effects of the self-weight of
pavement slab. The solution to the fundamental equa-
tions is obtained by superposing the solutions of two
elemental slabs as shown in Figure 1. The solutions
by the proposed model are compared with those by
the conventional numerical and analytical methods, as
well as some measurements of full-size experimental
slabs.
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FIGURE 1 Superposition of Elemental Slabs
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FUNDAMENTAL EQUATIONS

The derivation presented in this paper is based on the
following assumptions:

(1) Concrete pavement slabs are assumed to be
thick plates that are elastic, homogeneous, and
isotropic with temperature-independent material
properties;

(2) The subgrade is assumed to be a Pasternak
foundation, with Winkler foundation as one of its
special cases;

(3) Plane sections remain plane after deformation;

(4) There is no friction between pavement and
subgrade;

(5) Slab temperature varies linearly through its
thickness;

(6) The deflection of the slab is small compared
with the slab dimensions; and

(7) The coordinate system is such that z is consid-
ered positive upward and measured from mid-
plane of the plate

Considering the strains induced by variations of
temperature, by setting the vertical load q =0, the
fundamental equations for a thick plate with a linear
temperature gradient across its thickness can be
obtained in a similar form to those for bending prob-
lems (Shi et al. 1994):
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where &, E, U, Gp, k, o, and A, are respectively the
slab thickness, the slab modulus, the Poisson’s ratio of
the slab, the shear modulus of the foundation, the sub-
grade reaction modulus, the coefficient of thermal
expansion of concrete, and temperature difference
between the top and bottom of the slab respectively.
Displacements, u, v, and w, are positive when they act
in the positive directions of the x-, y- and z-axis,
respectively. They are assumed to be of the form
u=2z0, (x,y), v=2B (x, y) and w,given by w(x, y),
which is constant over the slab thickness; where ciand
[ are the rotations in the xz- and yz-planes, respec-
tively, of a line element originally perpendicular to
the neutral surface, and w is the vertical displacement
of all points on this line element.
Other parameters in the equations are given by

= [ER*/(1 — p?)}/12;
=[E/QA-w}l/2 1)
Dy =D+ C2Gb;
Dy =[D +Guh®/(1 - w)]/10; (1K)
G1 = 1+ [(3uGs/G)/h)/5;
Gz = p+[(3uG/G)/H)/5. (1)
MT = (1 + ,u)DatAt/h,
¢ =[h2-p/(1-w)/10;  (lm)
Egs. (1a)-(1m) are the fundamental equations for

solving the problem concerning the thermal warping
of a thick plate resting on the Pasternak foundation.
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The general solution of w, O, and Q, are obtained
through solving the governing equations (la), (1b)
and (1c). Other resultants of the plate are then deter-
mined from Eqgs. (1d) to (1I) by substituting the gen-
eral solutions of w, Q,, and Q, into these equations.

However, only in a few simple cases, the general
solutions of w, Q,and 0, can be directly obtained
from the governing Eqs. (1a), (1b) and (1c). In most
cases, the governing equations have to be converted
to another form. By writing the general solutions for
w, O, and Q) as the sum of a complementary and par-
ticular function, respectively,

Q:c = ch =+ Qmp
Qy = Qye + Qyp (In)

and introduce a function y(x, y) so that

o
ox

W= W+ Wp

ch = (10)

the governing equations can be rewritten as follows:
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Qyp = Qy*

in which Qx* and Qy* are functions that must satisfy
the following equations:
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SOLUTION OF ELEMENTAL SLABS TE1
AND TE2

The boundary conditions of the elemental slab TE1
(see Figure 1) with two guided support edges and two
free edges each acted upon by an unknown moment

are:
v () = (£50) = (55) =0

(2a)

Vy (z,ig) = Mgy (z,ig) =0 (2b)

M, (a: :I:g) My (2c)

the complementary functions can be assumed to take
the following forms:

ZY
= Zz

Making use of the symmetry of temperature gradi-
ent about x- and y-axis, the boundary conditions of
the guided support edges Equation (2a) can be satis-
fied with the following expressions:

cos( . a:’) (3a)

) sin ( T ) (3b)

We = (3C)
i [Amcc(y) + Dmss(y)](—=1)™/? cos (%z)
m=0
P = i H,, sinh(ﬂmy)(—l)m/2 sin (?z)
" (3d)
where
cc(y) = cosh(emy)cos(fmy) (3e)
58(y) = sinh(eny)sin(fmy) (3f)

Furthermore, it is assumed that the unknown bend-
ing moment M,,can be represented by Fourier series:

1)™2 cos (%z)
(1)

My =Mr/2+ Y En(-
m=0,2
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The three intergration constants A,,, Dpand H,, in
Eqgs. (3¢) and (3d) can be expressed by one unknown
coefficient E,, based on the boundary conditions of
the free edges Equations (2a) to (2c). The solutions of
elemental slab TE!1 are obtained as follows:

w= Y o (Amcely)
m=0,2 m
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M, =Mz /2

oo E,,
+ Z 'A_m[(ImSAml + Img Am2)cc(y)

m=0,2

+ (I;m5Am2 — ImgAm1)ss(y)

+ It Amg cosh(Bmp)](~1)™? cos (a )
(5b)

M, =Mg/2

=S} Em
+ Z ’A_[(ImSAml - ImQAm2)cc(y)

m=0,2" "

+ (ImsAm2 + Img Am1)ss(y)

—Im7Ams COSh(ﬁmy)](—l)m/2 COS(%QU)
(5¢)

By repeating this process, the solution with
unknown coefficient F,for the elemental slab TE2
can be obtained in similar forms to Equations
(5a)-(5¢).

DETERMINATION OF UNKNOWN
COEFFICIENTS

After superposing the solutions of the two elemental
slabs, TE1 and TE2, the resulting solutions of slab TA
(see Figure 1) satisfy all the free-edge boundary con-
ditions except the following two:

[ (9] = [ G9)]

+[Mm (%,y)]TE2: 0 (62)

()l o ()l
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After substituting Equations (5b) and (5¢) into
Equation (6) and applying Fourier transform, we can
obtain the following linear equations to determine the
two unknown coefficients E,, and F;:
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A L and I, in Eqs. (5a) to (5¢), (7¢) and (7d)
can be determined by the formula developed in an
earlier work (Shi et al. 1994).

SOLUTION FOR SLAB TA

Since M7 in Equation (7) is a constant, E,,and F,, have
to be zero when m or n > 0. Thus Ejand F) can be
easily obtained. After substituting them into Equation
(5a) to (5¢), we can obtain the solutions of the ele-
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mental slabs and then the solution for slab TA by the
method of superposition. The solutions for SLAB
TE1 and TE2 can be determined as follows:
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Thermal warping stresses 6y and G, in the slab TA

can be determined as follows:
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VERIFICATION USING NUMERICAL
EXAMPLES

Comparison with Finite Element Solutions

Verification of the proposed approach is made against
an established finite element model KENSLABS.
KENSLABS is a finite element program developed
by Huang (1985) for the structural analysis of rigid
pavement slab supported on either Winkler founda-
tion or solid foundation. The formulation of KEN-
SLAB is based on thin-plate theory. Results obtained
by the proposed mode] are compared with those by
KENSLABS for different thicknesses of a single
pavement slab resting on a Winkler foundation. Win-
kler foundation is analyzed by setting the shear modu-
lus of subgrade, G, to zero in the proposed model
developed in this paper. The slabs are assumed to be
in full contact with the subgrade. To eliminate the
influences of slab sizes and transverse shear deforma-
tion in the slab,. a large and thin square slab is used in
the comparison. The slab is 10.2 m (400 in.) long with
a Young’s modulus of 34.5 GPa (5 x 10% psi), a Pois-
son ratio of 0.2, a coefficient of thermal expansion of 9
x 107%/°C (5 x 1079/°F), and a temperature differential
of 0.066 °C per mm (3°F per in.) of the slab. Four dif-
ferent moduli of subgrade reaction of 13.6, 27.1, 54.3
and 135.7 MN/m? (50, 100, 200 and 500 pci) and four
different slab thicknesses of 152, 203, 254 and 305 mm
(6, 8, 10 and 12 in.) are considered. There are alto-
gether a total of 16 cases. Table I shows the maximum
interior warping stresses obtained by the proposed
model and KENSLABS. The agreement between the
two solutions is excellent for all the 16 cases.

Comparison with Full-Size Slab Experiment
and theoretical solutions

Full-size slab experiments of thermal warping were
carried out by Yao and Huan (1984) on a group of
20-cm-thick concrete slabs with a uniform width of
4.5 m and three lengths of 4.5 m, 5.5 m and 6.5 m,
respectively. These test slabs were constructed on a
section of old asphalt pavement road in Hefei, China.
A 24-cm-thick subbase treated with 10% lime was
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used to provide a uniform support for the slabs. Warp-
ing strains were measured by preinstalled 4-cm strain
gauges as well as portable strain meters. The average
modulus of subgrade reaction measured in the experi-
ment site on the surface of the subbase was 80
MN/m?>. The average elasticity modulus of concrete
was measured to be equal to 30,000 MPa. The Pois-
son’s ratio of the slab was 0.15.

The shear modulus of the subgrade G, was deter-
mined by a method developed by Fwa et al. (1996)
that estimates G, as a function of the modulus of sub-
grade reaction k. Readers are referred to the paper by
Fwa et al. (1996) for the detailed derivation of the
relationship between Gy, and k. In the analysis of the
experiment results by Yao and Huan, G, can be calcu-
lated to be 28 MN/m from the measured value of k.
The reported stresses of the experiment slabs were
calculated based on the measured strain values.

Table II provides a comparison of the accuracy of
predictions by the proposed and other solutions. The
comparison is made in terms of a dimensionless
warping stress coefficient, computed by dividing the
maximum interior warping stress by (E.o,.AT). Table
IT shows that the Bradbury-Westergaard solutions
produce warping stresses 15-19% higher than the
experimental results, while KENSLABS solutions
yield 14-20% errors. The errors are due to non-con-
sideration of the effects of transverse shear deforma-
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tion of slab and the shear modulus of subgrade. By
incorporating the effect of transverse shear deforma-
tion of slab through the adoption of the proposed
thick-plate model, better results were obtained, espe-
cially for the smaller slab sizes. The errors of the pro-
posed solutions with Winkler foundation model are
about 12%. The improvements resulting from
employing the proposed thick-plate model and Paster-
nak foundation are apparent from this comparison.
The maximum error is 5.5%.

Thin-Plate versus Thick-Plate Models

This section provides further comparisons between
thin-plate and thick-plate models. Two rectangular
slabs resting on Winkler foundation with the respec-
tive widths of 3.5 m (138 in.) and 7 m (276 in.) are
analysed by the proposed thick-plate model and the
thin-plate finite element model KENSLABS (Huang
1993). The parameters of the problem are: E = 20,000
MPa (2.9 x 10° psi), p = 0.15, k = 200 MN/m> (368.6
pei), AT/h = 80°C/m (3.7°F/in.), o, = 9 x 1075/°C (5 x
107%/°F). The maximum interior warping stress, the
maximum edge warping stress along the length of the
slab, and the maximum warping stress along the
width of the slab determined by these two models are
compared.

TABLE I Comparison of maximum interior warping stresses in large thin slabs

Maximum interior warping stress (MPa)

Slab thickness

(mim) Method 5 P P 5
k=13.6 MN/m k=27.1 MN/m k=54.3 MN/m k=135.7 MN/m

152 KENSLABS 2.076 1.991 1.941 1.934

Proposed 2.080 2.000 1.949 1.940

203 KENSLABS 2.843 2.793 2.681 2.585

Proposed 2.850 2.803 2.695 2.601

254 KENSLABS 3.427 3.554 3.487 3.306

Proposed 3.439 3.564 3.502 3.330

305 KENSLABS 3.774 4.169 4.264 4.095

Proposed 3.790 4.180 4276 4.120

Note: Interior warping stresses of large thin slabs are considered to minimize the effect of thick plate. Winkler foundation is assumed for

both KENSLABS and the proposed model.
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TABLE II Coefficient of maximum interior warping stress

Slab Size (m) 45by4.5 55by4.5 6.5by4.5
Experimental results 0.479 0.536 0.546
Bradbury-Westergaard solution® 0.570 0.622 0.629
Error (%) +19.0% +16.1% +15.2%
KENSLABS solution® 0.577 0.627 0.626
Error (%) +20.5% +17.0% +14.7%
Proposed Winkler solution® 0.533 0.597 0.614
Error (%) +11.3% +11.4% +12.5%
Proposed Pasternak solution? 0.475 0.546 0.576
Error (%) -0.8% +1.9% +5.5%

Proposed thick-plate solution with Winkler foundation model.
Proposed thick-plate solution with Pasternak foundation model.

pogow

The comparison of the computed maximum inte-
rior warping stresses of the slabs are shown in
Figure 2. Figure 3and Figure 4 plot the results of the
computed maximum edge warping stresses along the
length and the width of slab, respectively. The errors
in warping stresses computed by the thin-plate model
are listed in Table III. The following observations can
be made: (1) Of the three warping stresses computed
by the thin-plate model, the interior warping stress
has the smallest errors. The largest errors are associ-
ated with computed edge warping stresses along the
width of the slabs. (2) The maximum warping stresses
determined by the thin-plate model are very close to
those determined by the thick-plate model when the
slab is thin, say 200 mm or less. (3) Errors of the
thin-plate model increase as the thickness of slab
increases. (4) Errors of the thin-plate model decrease
with an increase of slab length for the case of interior
warping stresses, and the case of edge warping
stresses along the length of slab. However, the situa-
tion is reverse for the edge warping stresses along the
width of slab. (5) As indicated by the results in Table
III, errors in all warping stresses decrease when the
slab width (the smaller of the plane dimensions of the
slab) is increased.

The analysis results suggest that thin-plate models
can be used for estimating the interior warping stress.

Bradbury-Westergaard solution with Winkler foundation model (Bradbury 1938).
Finite element solution based on thin-plate and Winkler foundation model (Huang 1993)

For a slab with a width of 3.5 m or more, the errors in
the interior warping stress computed by a thin-plate
model are found to be less than 10%. They are less
than 5% when the slab thickness is 200 mm or less.
The errors in the computed edge warping stresses are
higher, especially along the shorter edge of the slabs.
Errors can be as much as 31.6% when the slab width
is 3.5 m, which is a common slab width for concrete
highway pavements.

It can been seen from Table III that the magnitude
of errors involved with the use of thin-plate model
decrease significantly when the slab width is
increased to 7.0 m. For the common range of highway
pavement slab dimensions and thickness, the errors
are likely to be less than 5% for the interior and edge
warping stresses computed by the thin-plate model.

SUMMARY

A thick-plate model for computing thermal warping
stress in concrete pavements has been developed
using the Reissner thick-plate theory and the Paster-
nak foundation model. This proposed model consid-
ers the effects of interlocking action of subgrade and
transverse shear deformation of slab. The thick-plate
solutions derived in this paper were validated by com-
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FIGURE 2 Comparison of Maximum Interior Warping Stresses of a
Rectangular Slab Supported on Winkler foundation

parison with finite element results and experiment
data.

Furthur analyses were conducted to compare the
differences in thin-plate and thick-plate solutions for
warping stresses. The following conclusions can be
drawn from the analyses:

(1) The use of thin-plate model does not yield sig-
nificantly errors in the computed interior warping
stresses of a slab for the common range of high-
way pavement slab sizes and thickness. It can be
used to estimate interior warping stresses for con-

Warping Stresses (MPa)

Warping Stresses (MPa)

4.0
— - — Thin-plate solution

{Huang 1993) -2
301 o Proposed thick-
plate solution
2.0 -
1.0 ] —=
==z
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Slab Thickness (m)
(i) Width of Slabb =3.5m
5.0
—-o— Thin-plate solution
4.0 4 (Huang 1993) R
—a— Proposed thick-
3.0 | plate solution = &F .-
2.0
1.0 4
[
0.0 T T T
0.1 0.2 0.3 04 0.5

Slab Thickness (m)
(i) Width of Slabb =7.0 m

FIGURE 3 Comparison of Maximum Edge Warping Stresses along
Length of a Rectangular Slab Supported on Winkler Foundation

crete pavement slabs. The differences between the
thin-plate and thick-plate solutions are less than
5% for slab thickness less than 200 mm. They
tend to increase for slabs with thicker thickness.
The thin-plate model overestimates interior warp-
ing stresses by about 8% for a 3.5 m square slab
with a thickness of 500 mm.

(2) The use of thin-plate model may result in sig-
nificant errors in the computed edge warping
stresses of a slab. For a highway pavement slab
with a width of 3.5 m, the thin-plate model pro-
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duces 17% and 32% errors in the maximum edge
stresses along the length and the width of slab, 2.0

0.5

respectively. For concrete highway slabs with a
width of about 3.5 m, it is recommended that the g
proposed thick-plate model be used for computing < o
thermal warping stresses. When the slab width is § N
7.0 m or more, the conventional thin-plate model ‘% 1.0 1
could be used as the errors are likely to be less = f . .
. . £ — 9 — Thin-plate solution
than 5% for the common slab dimensions and E (Huang 1993)
thickness. s —a— Proposed thick- (a=7.0m)
plate solution
0.0 v v T
0.1 0.2 0.3 0.4
Slab Thickness (m)
NOTATIONS (i) Width of Slabb =3.5m
a = length of slab; 4.0
b = width of slab; — o~ Thin-plate solution
E = elasticity modulus of slab; Ky (Huang 1993)
. s 3094 Proposed thick-
G, = shear modulus of foundation; < plate solution
h = thickness of slab; § :
k = reaction modulus of foundation; § 2.0 4
M, My = bending moments in slab; g
M, = twisting moment in slab; £ 1.0
g = intensity of load on slab; s !
Ve Vy = sh.ear f.orces in slab; 0.0 ' _ '
O.L, B rotfatloln in Ihe xz- and ylzl—planes, ;espec- 0.1 0.2 0.3 0.4
tive a line element origina erpendicular
Iy o ntong y perpendicul Slab Thickness (m)

to the neutral surface;
o, coefficient of thermal expansion; and

(ii) Width of Slab b = 7.0 m

0.5

AT difference of temperature between slab top and ~ FIGURE 4 Comparison of Maximum Edge Warping Stresses along

bottom. Width of a Rectangular Slab Supported on Winkler Foundation

TABLE Il Error of warping stresses computed by thin-plate model

Thickness of Slab (m)
Width of Slab (m) Length of Slab (m)  Location of Computed Stress

0.1 0.2 0.3 04 0.5
3.5 35 interior 0.0 39 5.6 6.7 8.0
along length 0.1 5.8 8.7 10.5 17.3
along width 0.1 5.8 8.7 10.5 17.3
7.0 interior 0.1 L5 2.0 2.3 2.8
along length 0.3 13 2.6 37 4.6
along width 04 6.6 12.8 20.5 31.6
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Thickness of Slab (m)
Width of Slab (m) Length of Slab (m)  Location of Computed Stress

0.1 0.2 0.3 0.4 0.5
7.0 7.0 interior 0.1 1.5 1.8 2.0 2.5
along length 0.1 1.1 22 35 4.5
along width 0.1 1.1 2.2 35 4.5
10.0 interior 0.0 1.1 1.5 1.8 2.0
along length 0.1 1.0 12 14 29
along width 0.1 1.1 22 4.1 6.2

Note: Each value in the table represents error in percent with respect to the corresponding thick-plate solution.
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